Single-particle Relaxation Time in Doped Semiconductors beyond the Born
  Approximation by Marchetti, Gionni
Single-particle Relaxation Time in Doped Semiconductors beyond the Born
Approximation
Gionni Marchetti∗
National Institute of Chemical Physics and Biophysics,
Ra¨vala 10, 10143, Tallinn, Estonia
(Dated: July 17, 2019)
We compare the magnitudes of the single-particle relaxation time exactly computed in the variable
phase approach with those computed in the first Born approximation for doped semiconductors
such as Si and GaAs, assuming that the Coulomb impurities are randomly distributed centers. We
find that for typical dopant concentrations in Si, the Born approximation can overestimate the
single-particle relaxation time by roughly 40% and underestimate it by roughly 30%. Finally, we
show that strong interference of phase shifts is missing in strong scattering regime where the Born
approximation fails.
I. INTRODUCTION
The first Born approximation (B1) [1], hereinafter
simply referred to as the Born approximation, is com-
monly used within condensed matter theory for comput-
ing scattering-related properties, e.g. the carrier mobility
or the momentum relaxation time. In combination with
the random phase approximation (RPA)[2], the B1 pro-
vides the theoretical framework for understanding most
of quantum processes which occur in bulk semiconduc-
tors [3]. While nothing can be stated a priori about
the validity of the Born approximation for the low en-
ergy processes, it can be certainly assumed good enough
for high-energy collisions. Thus, for scattering processes
in solid-state systems, in principle one should calculate
several terms of the Born series to make sure it con-
verges, thereby showing that its first term (which de-
fines the B1) is sufficiently accurate for the problem at
hand. This difficult task can be accomplished by the
traditional techniques of scattering phase shifts. Unfor-
tunately such calculations can be very tedious and prone
to errors [4]. Several authors have used these traditional
quantum mechanical approaches to accurately compute
transport properties such electron (or hole) mobilities in
in bulk semiconductor materials, see for instance Refs.
[5–8]. In this work, we show that we can easily de-
part from B1 for the case of the single-particle relaxation
time by means of the variable phase method (VPM) [9].
This is an alternative approach to the computation of the
phase shifts, whereby one casts the Schro¨dinger equation
for the scattering problem into a first order nonlinear
equation. This approach allows for fast and accurate
computations of the phase shifts at low computational
cost.
Our computations of the single-particle relaxation
times for n-type Si and GaAs semiconductors improve
on those based on the Born approximation for the dop-
ing densities under scrutiny, showing that the inaccura-
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cies can be of about 30% - 40% for certain dopant con-
centrations in Si, while they prove to be less severe for
GaAs, where they are smaller than about 20%. In doing
so, we also gain some important physical insights about
the validity of the screened electron-impurity interaction
as typically accounted for at RPA level. In fact, we find
that the large inaccuracies arise where the random phase
approximation starts to break down. Moreover we show
that in the strong Thomas-Fermi screening limit in Si,
due to the failure of B1, the ratio between the scatter-
ing time and the single-particle relaxation time is much
less than unity while it is expected to be unity [10]. We
argue that the Born approximation in this regime ne-
glects the interference between the partial waves alto-
gether. This paper is organized as follows. In Section II,
we discuss the relation between the single-particle relax-
ation time and the Born approximation. In Section III,
we present the variable phase method in a pedagogical
way as it seems not to be very well-known among con-
densed matter theorists. In Section IV, we present our
findings for the single-particle relaxation time for n-type
Si and n-type GaAs bulk semiconductors within the ho-
mogeneous electron gas paradigm (jellium model) and
Thomas-Fermi screening. Finally, in Section V, we show
that in Si the Born approximation neglects the important
interference effect of the partial waves in a doping region
of strong screening where this approximation fails.
II. THE SINGLE-PARTICLE RELAXATION
TIME FOR THE THOMAS-FERMI SCREENING
IN THE BORN APPROXIMATION
In normal metals and degenerate doped semiconduc-
tors, the scattering by static impurities is characterized
by two different (electronic) momentum relaxation times
[10]: the scattering time τt and the single-particle re-
laxation time τs . The latter is also commonly known
as the quantum lifetime, and in semiconductor physics
it is denoted by τnk, where n and k are the band in-
dex and the Bloch electron wave vector in the Brillouin
zone (BZ) respectively. This quantity is inversely pro-
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2portional to the imaginary part of the self-energy ImΣ,
i.e., 1/τs = (2/~)ImΣ [10].
Assuming that in the bulk of solids the impurities
are Coulomb centers randomly distributed, τs can be
computed by the perturbation theoretic approach us-
ing the one-electron Green’s function for the coupled
electron-impurity system [11]. By this approach, aver-
aging over the spatial distribution of the impurity cen-
ters, the single-particle relaxation time τ1s is commonly
obtained in B1, and reads [10, 12][13]
1
τ1s
=
2pim∗ni
~3
∫
d3k′
(2pi)
3 |Vei (q) |2
δ (k′ − kF)
k′
, (1)
where ni and m
∗ are the dopant concentration and the
electron effective mass, respectively. The Fourier compo-
nent of the electron-impurity interaction potential Vei (q)
is computed at the wave vector transfer q = 2kF sin (θ/2)
where kF and θ are the Fermi wave vector and the scat-
tering angle, respectively [14]. Hence, according to this
physical transport model, the carriers with the Fermi en-
ergy EF scatter off single-ion sites elastically. We note
that the presence of matrix element squared |Vei (q) |2
clearly implies that the scattering amplitude is com-
puted in B1. Next, in order to prove the last state-
ment, we derive the relation between τ1s and the total
cross-section σ1ei,tot ≡ σ1ei,tot (kF) evaluated in Born ap-
proximation. First, we note that the matrix element
Vei (q) = 〈k′F|Vei|kF〉, where kF and k′F denote the
wave vectors, near the Fermi surface, of the incident and
scattered plane waves, respectively, is equivalent to the
Fourier q-component of the potential given by [15]
Vei (q) =
∫
d3reiq·rVei (r) . (2)
Now, the scattering amplitude f1 (q) in B1 can be ob-
tained through Eq. 2 and reads [4]
f1 (q) = − m
∗
2pi~2
Vei (q) . (3)
Note that Eq. 3 is meaningful only when the exact scat-
tered wave function is replaced by the incident plane
wave. This happens whenever Vei is sufficiently weak
such that the incident electron plane wave is slightly dis-
torted by its presence. This is the basic idea on which the
Born approximation rests. Then, the differential cross-
section σ1ei (θ) ≡ σ1ei (kF; θ) in Born approximation can
be computed by means of the relation [1]
σ1ei (θ) = |f1 (2kF sin (θ/2)) |2 . (4)
Writing Eq. 1 in spherical coordinates, one obtains
1
τ1s
=
2pim∗nikF
(2pi~)3
∫ 2pi
0
dφ
∫ pi
0
sin θ dθ |Vei (q) |2 . (5)
Combining the double integral in angular coordinates
θ, φ of Eq. 5 and Eq. 4 one obtains the definition of the
total scattering cross-section σ1ei,tot in the Born approxi-
mation for the potential Vei. Indeed, the latter scattering
quantity reads [1]
σ1ei,tot =
∫ 2pi
0
dφ
∫ pi
0
sin θ dθ σ1ei (θ) . (6)
From the above formulas, a simple expression for the
single-particle relaxation time in B1 is readily obtained
as [16]
1
τ1s
=
ni~kF
m∗
σ1ei,tot = nivFσ
1
ei,tot , (7)
where vF = ~kF/m∗ is the Fermi velocity. Eq. 7 shows
that τ1s is inversely proportional to the total cross-section
σ1ei,tot computed in the Born approximation. Thus, ignor-
ing the distribution of the impurity centers in the solid,
one can compute the single-particle relaxation time by
means of the total cross-sections which clearly assumes
two-body scattering. Therefore, the present formalism
breaks down whenever the electrons scatter off more than
one single-ion site at time. In such a case, within the
present formalism one may include some ad hoc empiri-
cal corrections such as Ridley’s third-body rejection [17]
or others based on more sophisticated models, see Ref.
[18].
So far, we have not yet addressed how to accurately
model the interaction potential between the carriers and
the ionized impurity centers. To this end, we shall con-
sider a given impurity ion as a test charge embedded
into a weakly interacting gas in a paramagnetic state.
The linear response theory (LRT) is then applicable,
and provides an effective electron-impurity potential at
RPA level [2]. We shall limit ourselves to the random
phase approximation as for the material parameters un-
der scrutiny exchange and correlation effects are in gen-
eral negligible as the kinetic energy dominates the ex-
change and correlation terms. Finally, the last approx-
imation we shall consider within the LRT, is that of
Thomas-Fermi screening [2, 15] which gives rise to a RPA
effective potential, expected satisfactory for a small mo-
mentum transfer, i.e., in the limit q → 0. The latter
assumption implies that the form taken by the screened
Coulomb potential at RPA, is of Yukawa type [15] (or
equivalently of Thomas-Fermi type) and reads as
Vei (q) =
4piU0
q2 + q20
, (8)
which in the direct space is equivalent to the Yukawa po-
tential U0e
−q0r/r of strength U0 = −Ze2/κ (cgs units),
where e is the elementary charge, Z is the impurity va-
lence, and κ is the background dielectric constant. The
Thomas-Fermi wave vector (or inverse screening length)
qTF at T = 0 K (degenerate electron gas) is given by
q2TF = 6pine
2/κEF where n is the electron density [2].
3For the sake of thoroughness, we recall that the formula
for σ1ei,tot when Vei is given by Eq. 8, reads [4]
σ1ei,tot =
16pim∗
2
U20
~4q4TF (4y2 + 1)
, (9)
where y = kF/qTF. Eq. 9 illustrates another well-known
issue [19] of the Born approximation, which does not dis-
tinguish between attractive and repulsive Coulomb inter-
actions.
From Eq. 1 it becomes evident how to depart from B1
for the single-particle relaxation case. Indeed, one needs
to replace σ1ei,tot by the exact total cross-cross section
σei,tot. The latter can be accurately computed by the
phase shift formalism, and reads as [1]
σei,tot =
4pi
k2F
∞∑
l=0
(2l + 1) sin2 δl , (10)
where δl denote the phase shifts of given angular mo-
mentum number l, computed for the input Fermi wave
number kF, i.e., δl ≡ δl (kF) accordingly to the screened
Coulomb potential of Eq. 8.
The phase shifts δ1l (δ
1
l  1) in B1 are computed by
means of [4]
δ1l = −
2m∗kF
~2
∫ ∞
0
dr[jl (kFr)]
2r2Vei (r) , (11)
where jl are the spherical Bessel functions. Inserting δ
1
l
into Eq. 9 one would obtain the same total cross-section
in B1 given in Eq. 9. Moreover, for the validity of the
Born approximation in term of phase shift, it is expected
that δ1l ≈ δl.
In the following Section, we shall perform the task
of computing δl, and hence the exact τs, by means of
the variable phase method [1, 9, 20]. This approach we
would allow us to accurately compute the single particle-
relaxation time in doped semiconductors with at rela-
tively small computational cost.
III. THE VARIABLE PHASE METHOD
Due to the cylindrical symmetry of the scattering prob-
lem, one can expand the electron wave function ψ (r) by
the functions ul (r) which are the solutions of the radial
Schro¨dinger equation. The latter, setting 2m∗ and to ~
unity, reads
u′′l (r) +
[
k2 − l (l + 1) /r2 − Vei (r)
]
ul (r) = 0 . (12)
The scattering potential Vei is responsible for the pres-
ence of δl in the asymptotic behavior of ul (r), i.e.
ul (r) ∼ sin (kr − lpi/2− δl) for r → ∞. Thus, solving
the radial Schro¨dinger equation for a scattering problem
is equivalent to compute the δl, whereby one can obtain
the scattering total cross-section, and hence the exact
single-particle relaxation time.
The variable phase approach is an alternative method
to the integration of Eq. 12 which directly yields the
exact phase shifts except for very small numerical errors.
In VPM one obtains δl by integrating the phase equation,
a first order nonlinear equation which is a generalized
Riccati equation. The phase equation reads [9]
δ′l (r) = −k−1Vei (r)
[
cos δl (r) jˆl (kr)− sin δl (r) nˆl (kr)
]2
,
(13)
where jˆl, nˆl are the Riccati-Bessel functions and the
boundary condition at the origin is given by δl (0) = 0
[9]. The δl numerical values are then defined by the limit
lim
r→∞ δl (r) = δl , (14)
where r is the inter-particle distance, that is, taking the
asymptotic δl values far away from the impurity center.
In order to compute the δl by Eq. 13, one needs to
provide a suitable electron-impurity interaction potential
Vei to the radial Schro¨dinger equation. This scattering
potential must be short-range and regular enough as typ-
ically required in scattering theory, see Refs. [9][1].
It is fortunate that the Yukawa interaction potential
belongs to a class of regular potentials for which one can
accurately compute the true δl by VPM. Throughout this
work we shall assume that this is the case along with Ref.
[21], referring the reader to Refs. [2, 15, 22] for a detailed
discussion of its validity within LRT. In the following
along with Ref. [21] we shall consider n-type Si with
ni = 10
17 − 2.5 × 1020 cm−3 taking the longitudinal ef-
fective mass m∗‖ = 0.89me and the transverse effective
mass m∗⊥ = 0.19me [21] [23], me being the bare electron
mass, and κ = 12.0ε0 is the background dieletric con-
stant where ε0 is the vacuum permittivity. Note that for
the dopant concentrations under scrutiny, it is usually
assumed that the electrons undergo independent scatter-
ing processes with the donors which in turn act as single
scattering centers [8].
Moreover, we shall consider single-ionized impurities
(Z = 1) and the electron density will be set to n = ni,
and at the same time we shall ignore the conduction-band
valley degeneracy [24] according to Ref. [21].
In Fig. 1 it is shown how the δl for l = 0, 1 are com-
puted in the variable phase approach for a doped Si
semiconductor with ni = 10
17 cm−3 (top panel (a)) and
ni = 10
20 cm−3 (bottom panel (b)). First, we note that
the all phase shifts are positive due to the attractive in-
teraction potential Vei. Second, the δl correctly decrease
with increasing scattering energy EF = ~2k2F/2m∗ where
kF ∼ n1/3. Thus the phase shifts δl (l = 0, 1) on the bot-
tom panel (b), whose values are δ0 = 0.36 and δ1 = 0.14
in radians, are smaller compared to those shown on the
top panel (a), where δ0 = 2.15 and δ1 = 0.17. Indeed the
carriers scatter off the impurities with higher energy in-
creasing the dopant concentration. We also note that for
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FIG. 1. (a) Phase shifts δl curves (l = 0, 1) versus inter-
particle distance r in units of the effective Bohr radius a∗0
from an impurity center for n-type Si. The scattering phase
shifts (in radians) are obtained at the large distance limit,
i.e., from δl curve’s asymptotes. Here ni = 10
17 cm−3 and
hence EF ≈ 3 meV. (b) The same as the top panel (a) but
for ni = 10
20 cm−3, and hence EF ≈ 305 meV.
a given scattering energy, δ1  δ0 due to the repulsive ef-
fect of the centrifugal potential l (l + 1) ~2/2m∗r2 which
becomes stronger for higher l values. The variable phase
method provides the numerical values of the δl, as shown
in Fig. 1, from the asymptotes of the δl (r) curves and at
the same time removes their mod (pi) issue thus allowing
the computation of scattering phase shifts in a unique
and unambiguous way [9]. For the validity of the Born
approximation, here we adopted the criterion proposed
by Morse and Allis [9, 20, 25], which states the B1 is a
good approximation insofar the phase shifts are smaller
than pi/2. This is certainly the case for a scattering po-
tential of Yukawa type, however it is worth noting that
some short-range potentials can cause small true phase
shifts δl and δ
1
l as well, and yet the Born approximation
fails [26] [27].
IV. RESULTS FOR THE EXACT
SINGLE-PARTICLE RELAXATION TIME
Along with Ref. [10], we define the dimensionless
quantity y = kF/qTF as we wish to compare the ratio
τ1s /τs against y. To this end, we note that τ
1
s /τs =
σei,tot/σ
1
ei,tot where the exact total cross-section must be
evaluated including a finite number of partial waves nec-
essary to allow the convergence of τs curves in the range
of doping densities under scrutiny. Then, the electron-
impurity total cross-section is given by
σei,tot (kF) =
4pi
k2F
lmax∑
l=0
(2l + 1) sin2 δl , (15)
lmax being the maximum of set {0, 1 · · · l − 1, l} for a
given l, which is expected to be a small integer. In fact,
even on the basis of a semi-classical analysis of scatter-
ing, it can be shown that only a few partial waves will
actually contribute to the total cross-section in low en-
ergy collisions [28]. Moreover, by means of Eq. 9, we are
able include the potential contribution of all the partial
waves, i.e., for l = 0, ..∞, to the total cross-section in B1,
a task that would be proved very inaccurate, if instead
we determine σ1ei,tot by means of Eq. 15 and of the phase
shifts in B1 (Eq. 11).
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FIG. 2. (a) The curves τ1s /τs versus y for lmax = 0, · · · , 5 for
Si. (b) The relative true phase shifts δ0, δ1 and δ2 computed
by means of the variable phase approach versus y.
In Fig. 2 (top panel (a)), we plotted the ratio τ1s /τs
against y for many different lmax values for a doped Si
semiconductor. Not surprisingly the major contributions
come from lmax = 0 (s-wave, l = 0) and lmax = 1
which accounts for s-wave and p-wave (l = 1) together.
Their contributions are substantial for y  1, the interval
which defines the low-energy limit of scattering theory for
short-range potentials. The maxima of the curves happen
roughly at the cross-over region between low-energy and
high-energy carrier-impurity collisions, the latter region
being defined for y  1. The curves clearly show that in
B1, the single-particle relaxation can be underestimated
by roughly by 30% and overestimated by roughly 40 %
for y . 1. Such large discrepancies for the single-particle
relaxation times can be understood looking at the rela-
tive exact phase shifts computed in the variable phase
approach. In Fig. 2 (bottom panel (b)) the relative
phase shifts δ0, δ1, δ2 are plotted against y. Clearly, δ0
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FIG. 3. Comparison between δl and δ
1
l , the true phase shifts
and those in Born approximation for n-type Si with ni =
1017 − 2.5× 1020 cm−3 and l = 0, 1.
is too large for the Born approximation to hold: in fact,
its validity would require that δl be small compared to
pi/2 [20, 25, 29]. However, a better agreement between
τ1s and τs is found in the limit y → 2 where τ1s ≈ τs. This
is consistent with the fact that δ0, and the other phase
shifts as well, decrease monotonically as the carrier en-
ergy increases, thus improving the over Born approxima-
tion. In this regard, the computation of the discrepancies
∆δl = |δ1l − δl| for l = 0, 1 by means of Eq. 11, confirms
the previous analysis. In Fig. 3, we compares the true
phase shifts and the ones in B1. It it evident that B1
fails for y → 0.4 as ∆δ0 ≈ 1.41 (rad) while ∆δl ≈ 0 for
l = 0, 1, in the limit of y → 2 i.e., δ1l ≈ δl, the latter being
the condition for validity of the Born approximation.
In order to understand the semiconductor many-body
effects on τs, we performed similar computations for n-
type GaAs semiconductor in the same range of doping
concentrations taking the following material parameters:
m∗ = 0.067me and κ = 12.9ε0 [28]. Note that even in
GaAs for the dopant concentrations under scrutiny, it
is usually assumed that only carrier-single impurity ion
collision can occur [7].
In Fig. 4 (top panel (a)), we show our results for τ1s /τs
computed via the VPM. The ratio curves now show a
good agreement for a large interval of y values, see top
panel (a). We found that τ1s can be overestimated by
roughly 30% for y ≈ 1 and underestimated by roughly
by 20% in the limit y → 4. For 1.8 . y . 2.2 the ra-
tio discrepancy is less than about 3%. However, here we
need to make an important observation about our results
for large y values. It can been shown that for y  1 the
Born approximation would produce the same results as a
bare Coulomb potential (Rutherford scattering) for scat-
tering angles θ  1/y, see Ref.[30] for an extensive anal-
ysis, thus disregarding the screening effects altogether.
Therefore in this case, it is not clear whether or not the
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FIG. 4. (a) The curves τ1s /τs versus y for lmax = 0, · · · , 6 in
the case of GaAs. (b) The relative true phase shifts δ0, δ1 and
δ2 computed by means of the variable phase approach versus
y.
Born approximation can be still considered suitable for
modeling screened electron-impurity collisions. In par-
ticular, this would certainly affect the physics of GaAs
for most of the dopant concentrations under scrutiny.
Nevertheless, the nicer behavior of τ1s observed in
GaAs can be clearly understood from the bottom panel
(b) of Fig. 4, which shows that all phase shifts are now
much smaller than pi/2, thus improving the accuracy of
the Born approximation. Note that carriers in GaAs have
much more energy available in the center of mass, hence
making δl smaller in comparison to those computed for
Si. This is a direct consequence of a much smaller effec-
tive mass of the carriers in GaAs.
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FIG. 5. The curves (solid line, Si and dashed line, GaAs) ver-
sus y obtained by computing δl from VPM and using Eq. 16
and assuming Z = 1. In the inset the relative curves of the
dimensionless Wigner-Seitz parameter rs versus y are shown.
6Until now, our findings rely on the validity of the
screened Coulomb potential for modelling the electron-
impurity interaction in the bulk of doped semiconduc-
tors. Within the present formalism, we can address its
relationship with the random phase approximation link-
ing the δl to the Fermi sphere through the Friedel sum
rule (FSR) [31]. The FSR states that the impurity charge
must be completely neutralized by the carriers, and at
the same time the extra electrons required to this end,
should fill the levels up to the Fermi energy of an ideal
crystal. In mathematical terms the FSR reads as
Z =
2
pi
∞∑
l=0
(2l + 1) δl . (16)
By the variable phase approach we computed the scat-
tering phase shifts with the following cut-offs for the
quantum number l: lmax = 5 and lmax = 6 for Si and
GaAs respectively. In Fig. 5, we plot the curves (solid
line, Si) and (dashed line, GaAs) relative using Eq. 16
against y in the range 0.4 < y < 2. They monotonically
decrease with y, as the Fermi energy increases with it as
well. It is also evident that for Si a strong violation of
the Friedel sum rule occurs for y . 0.9. This is indeed a
region of low-density electron gas, suggesting that there
may be some problems relative to random phase approx-
imation. Whether or not RPA is applicable, depends on
the smallness of the Wigner-Seitz parameter rs [2]. It is
expected that RPA works well for rs < 1 [2]. In the inset
of Fig. 5, the rs curves (solid line, Si) and (dashed line,
GaAs) in the same range of y values are shown. Remark-
ably, the strong violation of Friedel sum rule observed in
Si can be linked to the non-applicability of RPA (rs  1)
for roughly the same y values. Hence, in that region, it
may be necessary to account for the short-range exchange
and correlation effects in carrier dynamics in Si, which are
not present in the RPA. Furthermore we observe that for
large y → 2, see Fig. 5, some large violations of the FSR
for Si and GaAs as well would start to happen again.
Indeed, according to the present physical model, there
is no way to prevent δl from decreasing for increasing
y values. Clearly, these strong violations of the Friedel
sum rule suggest that the screened Coulomb interaction
of Yukawa form, is no longer reliable. In this regard,
Mahan in his many-body analysis of band-gap narrow-
ing in Si at zero temperature, found that assuming the
electron-impurity potential of Yukawa form leads to very
inaccurate energy terms [24]. On the other hand, due to
the smallness of rs, if we wish to continue working in the
RPA, and thus keeping the screened Coulomb potential
of this form, we then would need to include a refinement
to the Thomas-Fermi screening parameter qTF, which re-
quires a self-consistent calculation of it associated to the
Yukawa potential ensuring that the Friedel sum rule is
satisfied [7, 8, 32]. This further correction is well beyond
the scope of this paper, and it is related to the difficult
problem of modelling the effective interaction of a test
charge embedded in an electron liquid within the RPA
[2, 33]. Note that even within the random phase ap-
proximation, a different screened electron-impurity po-
tential emerges, when the many-body effects are taken
into account by the Lindhard screening. In this case, the
scattering potential, whose analytical form is not given,
shows a tail with an oscillatory behavior far away from
the impurity center [15, 33].
In the present work we limited ourselves to a linearized
Thomas-Fermi screening theory, thus ignoring that it is
indeed a crude approximation [22]. However, despite this
fact, it is still widely employed in computations of mate-
rial properties [21].
V. INTERFERENCE OF PARTIAL WAVES IN
THE STRONG SCREENING LIMIT
In the following we show that the strong interference
of partial waves plays an important role at low energies.
This physical effect is completely missed in the Born ap-
proximation for the problem at hand, and and it is a
direct consequence of a poor scattering approximation
when the scattering phase shifts become large.
In the paper [10] Das Sarma and Stern found that
in a three-dimensional impure electron gas, when the
Thomas-Fermi screening becomes strong, i.e. when y 
1, the ratio τt/τs ∼ 1. The reason is that the electron-
impurity scattering becomes nearly isotropic for small y
values. This is easily understood if one recalls the for-
mula of the differential cross-section σ1ei (θ), which reads
as
σ1ei (θ) =
4m∗
2
U20
~4q4TF
(
4y2 sin2 (θ/2) + 1
) . (17)
Das Sarma and Stern’s result is obtained in the Born
approximation which is implicitly assumed in their paper
[10], however the B1 does not take into account the im-
portance of partial wave interference at low energy. To
prove this, we computed τt/τs by means of VPM in the
doping region ni = 10
16 − 1018 cm−3 corresponding to y
values in the interval (0.4, 1) where our previous analysis
showed that the Born approximation is invalid [34]. Note
that for computing τt in term of phase shifts we use the
formula [8, 32]
τt =
4pi~ni
m∗kF
∞∑
l=1
l sin2 (δl−1 − δl) . (18)
In Fig. 6 we compare our results (dashed line curve)
for τt/τs versus y with the expected ones (solid line curve)
from Ref. [10]. It is evident that τt/τs becomes smaller
than unity for y  1. The reason of this discrepancy,
can be understood expanding σei (θ) in terms of Legen-
dre polynomials [4]. Since δ0, δ1 are appreciably different
7from zero for Si, this expansion can be truncated retain-
ing three terms only as [4]
σei (θ) =
1
k2F
[
sin2 δ0 + 6 cos (δ0 − δ1) sin δ0 sin δ1 cos θ
+ 9 sin2 δ1 cos
2 θ
]
.
(19)
For the parameters under scrutiny, δ0 > 2, δ1 ≈ 0.1
consistent are with the failure of the Born approxima-
tion. Therefore a simple numerical check shows that the
coefficients of cos θ, and cos2 θ in Eq. 19 are not negligi-
ble, making the scattering strongly θ-dependent at low
energies.
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FIG. 6. The dashed line curve represents the τt/τs values
versus y computed by VPM for Si for the doping density in-
terval ni = 10
16− 1018 cm−3, while the solid line curve is the
same but obtained in the Born approximation for a three-
dimensional semiconductor in the Thomas-Fermi screening
approximation, see Ref.[10].
In summary, we showed that the VPM outperforms
the Born approximation when it comes to compute τs.
From a practical point of view, these accurate numeri-
cal values may be employed as input to other condensed
matter models and/or to applications of the density func-
tional theory (DFT) [35–37]. From a theoretical point of
view, we gained some important physical insights of the
many-body dynamics within the homogeneous electron
gas model. In particular, we recover the important role
of the interference at low energies. Finally, our approach
restores the unitarity (probability conservation) which is
manifestly violated by the Born approximation as it fails
to satisfy the optical theorem.
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